1 Camegie Learning

In this lesson, you will:

* Define inductive and deductive reasoning.
- ldentify methods of reasoning.
© Compare and contrast methods of
reasoning.
' Create examples using inductive and
deductive reasoning.

“ |dentify the hypothesis and conclusion of a
conditional statement.

Explore the truth values of conditional
statements.

- Use a truth table.

induction

deduction
counterexample
conditional statement
propositional form
propositional variables
hypothesis

conclusion

truth value

truth table

i "y ne of the most famous literary detectives is Sherlock Holmes. Created by author
. Sir Arthur Conan Doyle, Sherlock Holmes first appeared in print in 1887 in the
novel A Study in Scarlet. The character has gone on to appear in four novels, 56 short
stories, and over 200 films. The Guinness Book of World Records lists Holmes as the
most portrayed movie character, with more than 70 different actors playing the part.

Holmes 1s most famous for his keen powers of observation and logical reasoning,
which always helped him solve the case. In many literary and film adaptations, Holmes
is known to remark, “Elementary, my dear Watson," after expiaining to his assistant
how he solved the mystery, However, this well-known phrase doesn’t actually appear
in any of the stories written hy Doyle. It first appeared in the 1915 novel Psmith,
Journalist by P.G. Wodehouse and also appeared at the end of the 1929 film The Return
of Sherlock Holmes. Regardless, this phrase will probably always be associated with

Lthe famous detective.
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rronLen il How Do You Figure?

L 1. Emma considered the following statements.

= s 47 =4 <4

+ Nine cubed is equal to nine times nine times nine.

= 10 to the fourth power is equal to four factors of 10 multiplied together.

' '-.5 A Emma concluded that raising a number to a power is the same as multiply g the
. number as many times as indicated by the exponent. How did Emma reach this
conclusion?

2. Ricky read that raising a number to a power is the same as multiplying that number as
many times as indicated by the exponent. He had to determine seven to the fourth power
using a calculator. So, he entered 7 ~ 7 <« 7 % 7. How did Ricky reach this conclusion?

3. Compare Emma’s reasoning to Ricky's reasoning.

4. Jennifer is a writing consultant. She is paid $900 for a ten-hour job and $1450 for a
twenty-two-hour job,

a. How much does Jennifer charge per hour?
L | 140
$d0 _ k40 31980 _ Fao
. novr 22 W) o

i

T ———

| O Wrs

b. To answer Question 4, part (a), did you start with a general rule and mal a
conclusion, or did you start with specific information and create a general rule?

S‘*W{'Cd wia SPQ_‘C/‘(&L.— 1o, Cveadeel Cjc.wn( vole .

5. Your friend Aaron tuters elementary school students. He tells you that the jub pays
$8.25 per hour.

a. How much does Aaron earn from working 4 hours?

&.25 ¥ o= 2%

b. To answer Question 5, part (a), did you start with a general rule and make 2
conclusion, or did you start with specific information and create a generil rule?

giwl{d Lo tH gqnuc\\ rule , made a condvsion
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- Is This English Class or Algebra?

R —————————— P -~

The ability to use information to reason and make conclusions

important in life and in mathematics. There are two common methods

of reasoning. You can construct the name for each method of
reasoning using your knowledge of prefixes, root words,
and suffixes.

Word Prefix, Root Meaning
Fragment = Word, or Suffix
in- Prefix toward or up to
de- Prefix down from
to lead and often to think.
e Fant ¥¥ord from the Latin word duco
-tion Suffix the act of

1. Form a word that means “the act of thinking down from.,”
D é’.’G’u\J ‘:,-'J‘r'lG n
2. Form a word that means “the act of thinking toward or up
\nveron

induction is reasoning that uses specific examples to make a
conclusion. Sometimes you will make generalizations about
observations or patterns and apply these generalizations to
new ar unfamiliar situations. For example, you may notice that
when you don't study for a test, your grade is lower than when
vou do study for a test. You apply what you learned from these
observations to the next test you take.

Deduction is reasoning that uses a general rule to make a
conclusion. For example, you may learn the rule for which
direction to turn a screwdriver: “righty tighty, lefty loosey.” If
you want to remove a screw, you apply the rule and turn the
screwdriver counterclockwise.

3. Consider the reasoning used by Emma., Ricky. Jennifer,
and Aaron in Problem 1. o

——

a. Who used inductive reasoning?

Jeaner
b. Who used deductive reascning?

A.Or o

B S | Y 4 B P TR

is very

Remember, a
prefix is at the

suffix is at the end.

to."

These types
of reasoning can also
be known as inductive and
deductive reasoning.

L

2.1 Foundations for Proof

beginning of a word and a
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Coming to Conclusions

L T T e i T e A -

A problem situation can provide you with a great deal of information that you can use to

It make conclusions. It is important to identify specific and general information in a oroblem
situation to reach appropriate conclusions. Some information may be irrelevant to reach the
appropriate conclusion.

=3
Ms. Ross teaches an Economics class every day from 1:00 prto 2:15 +,
=3 Students’ final grade is determined by class participation, homework, quizzas,

= 3 ays this
week. She is concerned that Andrew’s grade will fall if he does not turrn i s
= 3 homework.
=3 ' ,
Ms. Ross teaches an Economics class every day from 1:00 i to 2:15 o0
=3 \
= 3 Students’ final grade is determined by class participation, homework. quizzes.
and tests.
=3 . _
= 3 Andrew has not turned in his homework 3 days this week.
=3 :
Andrew’s grade will fall if he does not turn in his homework.
= 3

1. Did Ms. Ross use induction or deduction to make this conclusion?
Explain your answer,

. 3 ~ baas i3
De,d\idwor\-- vsed rvle Obout how

(‘:}rrmf{,g wevre Calecviadeod +0
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2. Conner read an article that claimed that tobacco use greatly increases the risk of
getting cancer. He then noticed that his neighbor Matilda smokes. Conner is concerned
that Matilda has a high risk of getting cancer.

a. Which information is specific and which infermation is general in this problem
situation?

oeneml = Yobacco increrses Tisk of
qo&*ﬂnj) CoONC v

SpeciFe - Matilde smokes

b. What is the conclusion in this problem?

Modtido. Wes  high visle of 94;+fhn.=j
concer .

¢. Did Conner use inductive or deductive reasoning to make the conclusion?
Explain your reasoning.

Decdvei ve — gc,qe_/a_l i AFe 'f-o ettt
conclusLom.

d. Is Conner's conclusion correct? Explain your reasoning.
Ves.

She may not ge—k coances

i sde.

2.1 Foundations for Proof
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3. Molly returned from a trip to England and tells you, “It rains every day in Encland!”

She explains that it rained each of the five days she was there.

a. Which information is specific and which information is general in this problem
\/ situation?

b. What is the conclusion in this problem?

c. Did Molly use inductive or deductive reasoning to make the conclusion’
Explain your answer.

d. Is Molly's conclusion correct? Explain your reasoning.

Introduction to Proof
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Dontrell takes detailed notes in history class and math class. His classmate Trang will
miss biology class tomorrow to attend a field trip. Trang's biology teacher asks him if

he knows someone who always takes detailed notes. Trang tells his biology teacher that
Dontrell takes detailed notes. Trang’s biology teacher suggests that Trang should borrow
Dontrell's notes because he concludes that Dontrell's notes will be detailed.

a. What conclusion did Trang make? What information supports this conclusion?

b. What type of reasoning did Trang use? Explain your reasoning.

c. What conclusion did the biology teacher make? What information supports

this conclusion?

d. What type of reasoning did the biology teacher use? Explain your reasoning.

e. Will Trang’s conclusion always be true? Will the biology teacher's conclusion
always be true? Explain your reasoning.

2.1 Foundations for Proof
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/ ot ST The first four numbers in a sequence are 4, 15, 26, and 37.
a. What is the next number in the sequence? How did you calculate the next number?

b. Describe how you used both induction and deduction, and what ordet .ou used

these reasonings to make your conclusion.

6. The first three numbers in a sequence are 1, 4, 9. . . Marie and Jose both determined
that the fourth number in the sequence is 16. Marie's rule invoived mulliplic.tion

whereas Jose's rule involved addition.
a. What types of reasoning did Marie and Jose use to determine the fourth number

in the sequence?

b. What rule did Marie use to determine the fourth number in the sequence”

c. What rule did Jose use to determine the fourth number in the sequence”

d. Who used the correct rule? Explain your reasoning.

162 Chapter 2 Intraduction to Proof
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~ Why Is This False?

S e T R

There are two reasons why a conclusion may be false. Either the assumed information is

or thelargument is not valid.J

1. Derek tells his little brother that it will not rain for the next 30 days because he “knows
everything.” Why is this conclusion false?

B'e(—-q—ds‘t +1'LR— aJSuvmegd r.nrcﬂfmﬁgn

S A{Se__ No one kneow’S evq.’yﬂﬁf’rj.

— —

2. Two lines are not parallel, so the lines must intersect. Why is this conclusion false?

Becarse Hu orgomens o aef velio

——

77“’7 cCovled be Stew /-2es,

3. Write an example of a conclusion that is false because the assumed information is false.

A” éo\fS r!‘bbﬂ— FOdH-ba.lI. U-OL\r\ Y c\_'oo\.}_

%9, John \inas Football.

(SOML loc\.is. dordt Uikke (—oo‘\"mll}
4, Write an example of a canclusion that is false because the argument is not valid.

K\{kiﬁ cloesnt lilee green Frvit. Apples ore
green Seo leylie does~t lilew opples

(App\és can edso !0‘9_4 red aacl \jC_HOLA)
To show that a statement is false, you can provide a counterexample. A counterexample is
a specific example that shows that a general statement is not true.

5. Provide a caounterexample for each of these statements to demonstrate that they are
not true.

a. All prime numbers are odd.

2 s = prime numbss Thes (s Evka,

b. The sum of the measures of two acute angles is always greater than 90°,

Two o vie o.ngltj Haot Measure Bgo eack

“mfr Surm v ovid be 700

2.1 Foundations for Proof = 163
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- You Can’t Handle the Truth Value

o -

A conditional statement is a statement that can be written i
I this case,

in the form _E_f_p then g.” This form is the propositional form pond g represent
of a conditional statement. It can also be written using statements, not

symbols as p — q, which is read as “p implies g.” The nuvmbers,
variables p and q are propositional variables. The =
hypothesis of a conditional statement is theE The m
conclusion of a conditional statement is the @Ie q. “_::;

The truth value of a conditional statement is whether the ]
statement is true or false. If a conditional statement could be ¢
true, then the truth value of the statement is considered true.
The truth value of a conditional statement is either true or
false. but not both.

————

=3
— You can identify the hypothesis and conclusion from a conditional statzment.
= 3 Iix° - 36.thenx —6orx — 6.
&3 )
x* — 38
="
= 3 x 6orx - -6.

Consider the conditional statement: If the measure of an angle is 32°, then the anqgle 15 acute.

1. What is the hypothesis p?
_ 3 I t a :" °
The mMeadu(e. of an mj\t- i o)

2. What is the conclusion g?
Thea ongle is &<V te .

3. If pis true and g is true, then the truth value of a conditional statement is trie.

——

a. What does the phrase “If p is true” mean in terms of the conditional statement?

Fhet Ha. ntease. ok Fhe cmjxi. s BE*

-—

b. Whal does the phrase “If g is true” mean in terms of the conditional statciment?

J‘A-CL".‘ fjm e 5! .:{2. ‘;'j..j aNCce (‘"{Q .

c. Explain why the truth value of the conditional statement is true if both p and q are true.

4"'{: r ¢ ‘S :'{Q..'S.S' Yo~ '?5’ e "?‘:/:L_._,,,., it s acwvie
, -

o

5 . y 4
anel [he ang /e ;s 32° ewuhich /s r
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4. 1f pis true and q is false, then the truth value of a conditional statement

s

is false.
a. What does the phrase “If p is true” mean in terms of the conditional statement?

“haf- FHae nreasr vre of tiaae an.-j{'c. vy RES

b. What does the phrase “If g is false” mean in terms of the conditional statement?

Ftet Tl @l /35 net acoiRR

c. Explain why the truth value of the conditional statement is false if p is true and

q is false.

1 an acof ansl

H Foeo Steatfergnt XN ans/e FKhap 13 FT™

[ N

/‘S -‘Ld:.'c o v e '3 o Fc._/-ff_ _r“f‘t?:tm'*

5. If pis false and g is true, then the truth value of a conditional statement is true.
——t —— ——

a. What does the phrase “If p is false” mean in terms of the conditional statement?

NensUre 0F ceng’e v ned 32°
b. What does the phrase "If g is true” mean in terms of the conditional statement?

)L{—‘\. ﬂ";/f/L s ‘*QVA-

if P
is false and ¢ is
True, the truth value is
always true. Camn you think
of other examples ‘that
shows this?

c. Explain why the truth value of the conditional statement is
true if p is false and q is true.

censle coulat SEN Bt
/ess than 20" oy
ac.c.ura.(l; She feran

6. If p is false and q is false, then the truth value of a
conditional statement is true.

a. What does the phrase “If p is false” mean in terms of
the conditional statement?
éilﬂﬁ-/.{, Fi ey 32*

b. What does the phrase “If g is false” mean in terms of the conditional statement?
amnsla I's o fd Amco iR

c. Explain why the truth value of the conditional statemenl is true if both p and
q are false.

ansle cov/eol e gree fe o
79"/ S'LQJLLM.‘f can ée %/:.J-Q_-

2.1 Foundations for Proof
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A truth table is a table that summarizes all possible truth values for a conditional statement
p — q. The first two columns of a truth taBié-ngFééé-rii"éﬁ_ﬁo;érble truth values for the
propositional vanables p and q. The last column represents the truth value of the conditional
statementp — q.

The truth values for the conditional statement “If the measure of an angle is 327 hen the
angle is acute” is shown.

=3
= The truth value of the conditional statement p — q is determined by the truth
—
T value of p and the truth value of g.
=3 = Ifpistrue and g is true, then p — q is true.
= 3 - Ifpistrue and qis false. then p —» g is false.
o If pis false and q is true, then p — g is true.
= If pis false and g is false, then p — q is true.
= 3 .

P q p—q

the measure of the angle is If_the Teasure gran angle
. % o is 32°, then the angle is
= an angle is 32 acute

= acute.
=3 ! ! !

T F F
=3 F T T
e . F
=3 ¥ 1

7. Consider the conditional statement: If mAB = 6 inches and mBC — 6 inches, then
AB - BC.
a. What is the hypothesis p?

" f/f@ = (p InchesS a el 13 C = o ¢ AcWed

b. What is the conclusion g?

fﬂ“.' Q C—h— {5 E

c. If both p and g are true, what does that mean? What is the truth value of the
conditional statement if both p and q are true?

y o 1 - P | - < .
IF bo4h Segrewty equal to e (ncthes
-+ / ; 4
[ FNCn oo f.‘g,j oy "‘ < o e Co ny e 7T
¥ i i N K % | P
ke 4 W 55 o 2 V- 2 WV, & 1, o 4 S
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If p is true and q is false, what does that mean? What is the truth value of the
conditional statement if p is true and q is false?

e i &b i wuEesl THA Ty

d.

ove ~of cons roent

N -’fr ?r;f{/;‘:/\ ,',-'c-\,/r-*& S ;(""la’{f(’:

e. If pisfalse and q is true, what does that mean? What is the truth value of the
conditional statement if p is false and q is true?

- vy Bc 1 v

IE mAB aned mBC i1 not eq-al j2 &
. +

Flon ther, a~e congr e’

%-’H ) / Va_.-/r-f_. ’3 fl"l/‘ﬂ
[rvin

75 lef b¢ = Fo achifrerent

[ Fhey Cov La e
| i #

If both p and g are false, what does that mean? What is the truth value of the

conditional statement if both p and g are false?

[E mMAB andd MmBC are ot =6

i

ﬁkﬂ’ur‘b\_ valve €3 Frve
| (Fhers codld b2

g. Summarize your answers to parts (a) through (f) by completing a truth table for the
conditional statement. )

f.

\
OW \;’alU%jj

e . B
MAR = L in o — AR = b aad_n:\@,:\c
MmBC =in | ABEPC 4 RE 2R

g i v -

oz, 8 = =

-~ . 7 T

= + T

So, the
only way to get a
truth value of false is if the
conclusion is false?

2.1 Foundations for Proof . 167
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sropnevi il Rewriting Conditional Statements

T L— e a4

“Given” and the ¢onclusion as the “Prove.”

1.@65 bisects / ABC. then ZABD = / CBD.
S——
Given: @R, isects ZARC

‘Prove:

ZABD T < €BD

2 " il

2.7AM = MB{if/M is the midpoint of AB.
Given: pa 15 waldpoi at of KATR
‘Prove: T
' A = MmB

e
A m B

3.@%9 | CD at point C, then ~ACD is a right anglé’ahd"» BCD is-aright ang e.

(:iven: Kg . E»-\?) & C
=[OVEiA
CET LALD and RO we Fight angles

o

1
[ |

"R . W D
A c 3

Chapter 2 Introduction to Proof

For each conditional statement, draw a diagram and then write the hypothesis as the
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Afa

——

4. MWXis the;Eergendicuiar bisector of-ﬁﬁ.if@;@ . PR and WX bisects PR.
Given:  \aJx __L PR, e L,)Q bisec+s PR.
Prove: —_ el
. ' Wwx o \«O'Q-Jp‘-hc.!n:c.u\ wlﬁ")i’lt_c,-f—p/ o PR

P

e ale M.
Hrlix

5. Mr. David wrote the following information on the board.

If AC = BC, then C is the midpoint of AB.

He asked his students to discuss the truth of this conditional statement.

Susan said she believed the statement to be true in all situations. Marcus disagreed
with Susan and said that the statement was not true all of the time.

What is Marcus thinking and who is correct?

"1 Tho fwo Segments

covold be cong™VET
(,l—_!-—‘% o Wheut € bA7)

éx m\dpo'\r\"r .
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